In a previous study a general semiclassical formalism has been developed for lasers with arbitrary orientational distributions of the active molecules. Here that formalism is applied to the important case of an isotropic distribution of molecules, and this limit is especially relevant to liquid dye lasers. Extensive analytical and numerical results are presented for the polarization properties of such dye lasers. It is found that in general the polarization states of the pump and signal fields are coupled together and both change with distance in a laser amplifier.
I. INTRODUCTION
The gain of many laser systems depends strongly on the polarization states and directions of propagation of the optical signals. Dye lasers provide important examples of lasers with such anisotropic gain. In spite of this importance, however, there has been relatively little work done on the polarization properties of such lasers. As noted by Lempicki, none of the previous treatments had included the effects of gain saturation. I We have recently discussed this situation and developed a semiclassical model for treating the polarization characteristics of dye-laser amplifiers. 2 Of special interest in our previous study were those situations in which the active dipole moments are all parallel. In such cases the analysis is relatively simple and several analytic solutions can be obtained. It is clear, however, that a unidirectional molecular distribution is not the normal state of affairs in most practical dye lasers. Often when the dye molecules are suspended in liquids or plastics it is more reasonable to assume that the molecular distribution will be isotropic. The purpose of the present study is to apply the semiclassical formalism to dyelaser media having isotropic orientational distributions of the active dipoles. Most commercial dye lasers use a liquid host medium, and the results obtained here have implications for laser efficiency.
The analytical development in this work is based directlyon the general formalism developed in our previous study.2 For compactness results obtained in Part I are referenced directly but with the equation numbers preceded by the number I. The isotropic oscillator concept is discussed briefly in Sec. II, and the general development for isotropic molecular distributions is presented in Sec. III. Most cases of interest have to be studied numerically, and several examples are considered in Sec. IV. Among the consequences of this study it is shown that the polarization of a propagating signal tends to rotate with distance toward the polarization orientation of the pump field. Somewhat less expected is the fact that with strong saturation by the signal the polarization of the pump tends to rotate away from the polarization ofthe signal. Results of this type have important implications for practical laser designs and several applications are considered in Sec. V.
II. THE ISOTROPIC OSCILLATOR
Our main interest in the present study concerns molecules which in the absence of pump and stimulating fields have isotropic distributions of dipole moment orientations. This situation would correspond to most ordinary dye lasers, where the active molecules are suspended with random orientations in a liquid or solid medium.
3 For an isotropic molecular distribution the function n(B,t/J) is simply
With this expression for the molecular distribution, the gain coefficients from Eqs.
(1-44) are given by
The simplest possible model for a laser transition can be termed the isotropic oscillator model. This model can be understood as requiring that the dipole moment of the laser transition is always exactly parallel to the signal polarization. With this assumption the interaction between the field and the dipoles is always a maximum. While the isotropic oscillator model is implicit in most discussions of stimulated emission, it is usually not rigorously valid. In an atomic system, for example, this model would require that the laser states must either be representable by spherically symmetric wavefunctions or else they must be imagined to align instantaneously with the signal field. In spite of these limitations the model is useful because of its simplicity, and more realistic models are discussed in the following sections.
In terms of the polarizability, the isotropic oscillator model assumes that the tensor is diagonal with all elements equal. Thus the induced moment is in the direction of the electric field, and the probability of exciting the oscillator is proportional to the amplitude squared of the field. Using this model for both the pump and signal fields, the popUlation differences in Eq. (I-29) can be simplified since the terms involving 1 'l/ p.e p 12 and 1 'l/ s .e s 12 can be written
where E p and Es are the real amplitudes of the pump and stimulating electric fields. In this case, the gain coefficients from Eqs. (2) become (neglecting pump depletion)
Since gx and g yare equal, the gain can be defined as g(z) and can be written
where the unsaturated gain go is given by
and the saturation parameter is
It can be seen that the unsaturated gain from Eq. (6) is three times smaller than that found in Eq. (1-66). This is because the gain for the isotropic oscillator model is spherically symmetric while in the unidirectional situation the gain is present in the x direction only. The unsaturated gain distribution from Eq. (1-60) becomes in this case <p2
+ px which is the equation of a circle so that the gain distribution is uniform for any value of the pump field. The unsaturated field and polarization angle equations from Eqs. (I-56) and (I-58) become
where ExO is the initial field amplitude and 1/1,Q is the initial polarization angle. Equation (9a) is the usual expression given for an unsaturated laser amplifier while Eq. (9b) means that the polarization direction remains fixed. When saturation is important, the field equations can be written in terms of the total intensity Is and using the gain expression in Eq. 
III. GENERAL ISOTROPIC DISTRIBUTION
The rigorous solution to the general isotropic molecular distribution case can be obtained by substituting Eqs. (1-32) into Eqs. (2). Then each gain coefficientg", g"y' andg y contains three terms, each of which involves an integral over (O,t/J 
where the R; are given by
The integrals in Eqs. (12) ean be simplified after some straightforward algebraic manipulations and integrations, and the details of these operations are presented in the appendix. The results are
where and
The gain coefficients in Eqs. (II) can be calculated for any value of the pump and stimulating fields after obtaining the results from Eqs. (13) by numerical integration. The unsaturated gain coefficients from Eqs. (11) and (12) are given by
The unsaturated gain distribution for the isotropic molecular distribution is found by using Eqs. (17a) and (17c) in Eq. (1-60). Figure 1 is a plot of the dimensionless gain distribution for various values of the pump field. From the expressions for gxO and g yJ given in Eqs. (17a) and (17c) it is seen that gxO and g yJ both approach Nus in the limit of infinite pump intensity and the unsaturated gain distribution becomes uniform. This is an expected result for as the pump intensity increases, the probability of exciting those dipoles that are oriented close to the y axis increases, thus increasing the gain in the y direction. As the pump intensity approaches infinity, the gain distribution becomes uniform because all the available molecules are excited. The molecules that are oriented exactly perpendicular to the pump will not be excited, but their contribution to the total gain is negligible.
When saturation becomes important, the gain expressions become more complicated and require a numerical solution. There are two cases, however, when the gain expressions are integrable. If the stimulating field is initially polarized parallel to the pump field then from Eq. (1-33b), Is (0) = I/);x (0)cos 2 (), and the integration over tP in Eq. (2b) is zero by symmetry. Thus withgxy(O) equal to zero the cw gain terms in Eqs. (1-43a) and (1-43b) become
and it is clear that Esy is zero for all z and the stimulating field remains linearly polarized in the x direction. Simiiarly if the stimulating field is initially polarized along the y direction then
and the stimulating field remains linearly polarized in the y direction. From Eqs. (I-33a) and (1-40b), aXY(O) is zero in the two cases discussed above and the derivatives in Eqs. (1-39a) and (I-39b) become
so the pump field remains linearly polarized along the x direction.
With the above results, the gain coefficients from Eqs. (II) for the stimulating field polarized parallel and perpendicular to the pump field are given bys
where lx, = CP~x(CP~x -3) -CP;y(3CP~x -1),
The functions E (w,q) and F (w,q) are incom plete elliptic in tegrals of the first and second kind respectively with parameters wand q given by
q= CPSy(CP~x+l)I/2.
Similar results can also be obtained for the absorption coefficients. These results are quite complicated and ultimately require numerical methods to solve for the field dependences.
IV. GENERAL SOLUTIONS
The purpose of this section is to present numerical solutions for the important case of arbitrary pump and signal fields propagating in a laser medium having an isotropic distribution of the active dipoles. In order to simplify the numerical techniques that are necessary to solve Eqs. (1-39) and (1-43) and to minimize the number of variable parameters, the equations are first normalized. The absorption coefficients given in Eqs. (1-40) can be written in a form similar to the gain terms in Eqs. (11) and are proportional to Nu p • Then using Eqs. (1-28), (1-36), and (1-37) the absorption and stimulated cross sections can be written as (26a) (26b) where u 0J and (J ,,) are the absorption and stimulated emission cross sections at line center, and the ratios v p/v 0J and vJV;{l may be taken to be unity. The maxima of the absorption and emission cross sections are approximately equal in many dye~ so the line center cross section is defined as 
Since the dimensionless field amplitudes from Eq. (1-34) are directly proportional to the electric field and since the gain and absorption coefficients are directly proportional to Na o from Eqs. (28) and (29) The time derivatives have been dropped and the loss term is assumed to be much smaller than the absorption and gain terms and is ignored. Equations (30) The initial pump field is assumed linearly polarized in the x direction and the initial value of (/> ~ is taken to be 100. This corresponds to a pumping level of approximately 10 MW /cm 2 , which is a reasonable value for pumping with unfocused doubled Nd: Y AG lasers. It is also assumed that K p and Ks are zero, but this condition will be relaxed later.
If the stimulating field is polarized at some angle tPs to the x axis then the x and y components of the stimulating field are coupled. This coupling occurs by the cross saturation of the x and y gain and also through the g; y term. Assume first however that the stimulating field is infinitesimal and the gain is unsaturated. The initial values of the derivatives from Eqs. (31) become in this case
so both field components must increase. But the x component of the field will see a larger gain than the y component due to the gain anisotropy and as a consequence the stimulating field must rotate toward the x axis. As saturation becomes important the growth of the fields decreases as does the amount of rotation due to the decreased gain and to the g; y coupling. Effectively the g; y term acts as a loss since g; y is negative. Physically this represents an excited dipole that is stimulated by one component of the field and thus is unavailable for stimulation by the orthogonal field component. and so the y component of the pump field grows and the polarization of the pump field rotates away from the x direction with a sense that is determined by the rotation of the stimulating field. The rotation (clockwise or counterclockwise) is the same for both the pump and stimulating fields.
Defining a degree of polarization for the pump field as
the effects of the stimulating field on the direction of the pump field can be seen in Figs. 4 and 5. For the pump field, a rotation away from the x direction means that P p will decrease from its initial value of one. Figure 4 shows the decrease in P p with increasing distance into the gain medium while Fig. 5 shows the minimum value that P p will attain depending on the initial direction and intensity of the stimulating field. It can be seen that the pump rotation is very dependent on the saturation of the gain. For the stimulating field oriented close to the x axis the rotation increases with increasing intensity of the stimulating field while for orientations near the y axis the amount of rotation will first increase then decrease as a function of the stimulating field intensity. This is caused by an increase in the y component of the ab- sorption coefficient due to the strong saturation of the y component of the gain.
Ifthe frequency of the stimulating field is not at line center, the parameter Ks is no longer zero. From Eq. (31c) the derivative term at 5 = 0 is nonzero and the phase difference between the x and y components of the stimulating field must change. In this situation the medium becomes birefringent and the stimulating field becomes elliptically polarized. As the frequency of the stimulating field gets farther away from line center, Ks gets larger as seen in Eq. (1-46) and correspondingly o"s gets smaller from Eq. (26b). In this case the gain coefficients decrease and the degree of polarization of the stimulating field clearly does not change as much as at line center. This is seen in Fig. 6 . There is still a rotation toward thex axis but in this situation it is the direction of the major axis of the elliptically polarized stimulating field that rotates toward the x axis. The phase difference between the x and y components of the stimulating field increases rapidly as Ks changes. This is seen in Fig. 7 which also shows that increased intensity in the initial stimulating field reduces the phase difference since the gain terms become saturated. Finally, Fig. 8 shows how the phase difference increases with increasing distance into the gain medium and also shows the effects of saturation. The case when K p is nonzero is very similar to the above case in that the pumping efficiency decreases due to a decrease in the absorption coefficients from Eq. (29), and thus the gain also decreases. The pump field becomes elliptically polarized as the derivative in Eq. (30c) is nonzero.
v. DISCUSSION
In this paper new analytical and numerical results have been presented dealing with the polarization of the pump and signal fields in a laser-pumped light amplifier. It has been shown that the polarization state of both the pump and signal fields can rotate as they propagate along the amplifying medium. The rotations may be due to the anisotropic distribution of gain and loss that occur with a linearly polarized pump laser field. These results suggest that using a polarized laser as a pump source is an inherently inefficient process when the initial molecular distribution is isotropic, and such effects can be important in dye and far infrared gas lasers. However, if the initial distribution of molecules is modified in some way to favor a particular direction, then the pumping process becomes more efficient.
There are several possible techniques that could be used to provide a preferred molecular orientation such as electric field orientation of a permanent dipole moment, shear flow orientation of long molecular chains, stretching of a plastic film that contains the molecules, or orientation in a liquid crystal. 6 The use of liquid crystal solvents has been the subject of several recent papers and appears to be a practical method of producing a strong repeated orientation of the dye molecules with a reasonably small applied field. The ability to orient the molecules will not only improve efficiency, but it can also provide a means for modulating the gain and absorption of an active medium. Thus one may consider the case of a pump field polarized along the x axis while the alignment of the molecules is switched between the x and y axes. In this case the pump absorption will change from a maximum to a minimum, and the effect resembles an electro-optical switch. An advantage is that the modulation voltage would be very low if a liquid crystal could be used. Obviously, the response time of such a device would depend on the speed with which the liquid crystal can orient the molecules. In a similar manner, the gain maximum can be switched between the x and y axes so that a linearly polarized signal field can be modulated. This approach would be preferable to the absorption method for applications where both gain and modulation are required.
Another possible modulation technique is opto-optic modulation where a strong signal of one polarization is modulated by a weak signal at the orthogonal polarization due to cross saturation of the gain.
9 As seen previously, the x and y components of a stimulating field are coupled through the gxy term in addition to the saturation of the gain by both components. If a stimulating field is polarized along the y axis when the gain maximum occurs along x, then the introduction of a small control signal polarized along x can modulate the incremental gain seen by the stimulating field.
APPENDIX
The integrals in Eqs. (12) 
